Value-at-Risk (VaR) is one of the most widely accepted risk measures in the financial and insurance industries, yet efficient optimization of VaR remains a very difficult problem. We propose a computationally tractable approximation method for minimizing the VaR of a portfolio based on robust optimization techniques. The method results in the optimization of a modified VaR measure, Asymmetry-Robust VaR (ARVaR), that takes into consideration asymmetries in the distributions of returns and is coherent, which makes it desirable from a financial theory perspective. We show that ARVaR approximates the Conditional VaR of the portfolio as well. Numerical experiments with simulated and real market data indicate that the proposed approach results in lower realized portfolio VaR, better efficient frontier, and lower maximum realized portfolio loss than alternative approaches for quantile-based portfolio risk minimization.
1 Introduction Markowitz (1952) made a substantial contribution to portfolio theory by casting the issue of "best" portfolio allocation as an optimization problem. He suggested finding an asset allocation that results in the minimum portfolio risk, as represented by the portfolio variance, for a given level of target portfolio expected return. Portfolio risk management theory has made significant progress since Markowitz's seminal paper. It is now well-known that while mean-variance optimization is appropriate for symmetrically distributed portfolio returns, it results in unsatisfactory asset allocations when returns are asymmetrically distributed, or when downside risk is more weighted than upside risk. Such considerations and the theory of stochastic dominance (Levy 1992) have spurred interest in asymmetric or quantile-based risk measures, e.g., semi-variance, Value-at-Risk (VaR),
Conditional Value-at-Risk (CVaR), and others (Jorion 2000 , Dowd 1998 , Konno and Yamazaki 1991 , Carino and Turner 1998 , Rockafellar and Uryasev 2002 . Among those, VaR remains the most widely accepted measure among practitioners. VaR estimates the maximum potential loss at a certain probability level, i.e., it provides information about the amount of losses that will not be exceeded with certain probability. Mathematically, (1 − ǫ)-VaR is defined as the minimum level γ 0 such that the probability that the portfolio loss exceeds γ 0 is below ǫ, where ǫ ∈ (0, 1] is the probability level specified by the user (typically, ǫ = 1% or 5%). Thus, the portfolio VaR optimization problem with probabilistic constraint can be formulated as min γ 0 s.t. P (V 0 −r ′ x > γ 0 ) ≤ ǫ
where V 0 is the value of the portfolio today, x ∈ R N is the vector of asset weights, andr ∈ R N is the vector of (uncertain) future portfolio asset returns, i.e.,r ′ x is the value of the portfolio at a pre-determined date in the future. V 0 −rx is the change in portfolio value between today and this pre-determined date. The optimization problem can be re-formulated as min γ s.t. P (γ +r ′ x ≥ 0) ≥ 1 − ǫ
where γ = γ 0 − V 0 .
Despite VaR's popularity, there are some major problems with using it as the risk measure in portfolio optimization. First, VaR is not a coherent risk measure -it lacks subadditivity in the sense of Artzner et al. (1997) . Thus, the VaR of a portfolio of two funds may end up greater than the sum of the VaRs of the individual funds. Second, even though the purpose of VaR is to reduce extreme losses, minimization of VaR can lead to an undesirable stretch of the tail of the distribution exceeding VaR (Rockafellar and Uryasev 2000) . Third, VaR optimization is a stochastic programming problem of a special kind (namely, one with probability constraints), and as such, it is inherently difficult to solve. Indeed, while a substantial part of the VaR estimation literature deals with the problem of computing the VaR given a particular asset allocation, the literature on actual optimization of portfolio VaR is relatively scarce (see http://www.gloriamundi.org for links to a number of papers on methodologies for modeling VaR).
It is important to emphasize that unless the probability distributions of future returns are known exactly, the actual value of the portfolio VaR cannot be obtained. Thus, in practice all methods for optimization of VaR resort to approximations, either by applying optimization directly to a sample that approximates the actual portfolio loss distribution, or by specifying a particular shape for the return distributions, and computing important distributional parameters from data. In industry, as well as in a large part of the VaR literature, it is frequently assumed that returns are normal (Dowd 1998 , Jorion 2000 . Under this assumption, VaR is a scalar multiple of the standard deviation, and the portfolio optimization problem for VaR can be formulated similarly to the traditional Markowitz problem. Theoretically, this assumption is not unreasonable, since the Central Limit Theorem implies that over the long horizon stock returns should be approximately
Gaussian as long as short-horizon returns are sufficiently independent (see, for example, Campbell et al. 1997) . Empirically, however, there is evidence that both short-and long-horizon stock returns can be skewed and highly leptokurtic (Fama 1976 , Duffee 2002 . Furthermore, the returns of portfolios involving derivatives or credit risky assets can have extremely left-skewed distributions (Schonbucher 2000) . Thus, the normality assumption may lead to gross underestimation of the actual portfolio VaR.
As an optimization problem with chance constraints, portfolio VaR management can be approached with tools from robust optimization, which has become a leading methodology for dealing with uncertainty in optimization problems in recent years. El Ghaoui et al. (2003) used robust optimization to propose a framework for optimization of worst-case VaR based on information about first and second moments of the distribution of returns. We build on their idea by suggesting a framework for approximate VaR optimization based on more general asymmetric measures of variability for the distribution of returns, following results from Chen, Sim and Sun (2005) . Our contributions can be summarized as follows:
(a) We generalize the framework of El Ghaoui et al. (2003) by suggesting an approach to VaR optimization that reduces to their approach for particular values of the parameters, but is also capable of incorporating information about asymmetries in the distributions of uncertainties.
(b) We prove that the modified VaR we obtain (we name it 'Asymmetry-Robust VaR', or ARVaR) not only closely approximates the actual VaR, but is also a coherent risk measure in the sense of Artzner et al. (1997) . Coherence has become an important consideration in risk management in recent years, as illustrated by the increase in popularity of the coherent quantile-based risk measure CVaR in the insurance and the financial industries Uryasev 2000, 2002) .
(c) We note that ARVaR approximates CVaR. Direct optimization of CVaR is a convex optimization problem; however, it involves the evaluation of a multi-dimensional integral, and is computationally prohibitive in the sense that it is not necessarily polynomial-time solvable in the input size of the problem. Sample CVaR optimization is a linear programming problem, and as such is more attractive computationally; however, its performance can be very sensitive to the sample size. Therefore, our results have implications for efficient CVaR optimization.
(d) We show via numerical experiments with simulated and real data that the ARVaR formulation results in portfolio allocations that dominate the performance of other approaches for VaR optimization and sample CVaR optimization, and do not stretch the tail of the distribution exceeding VaR.
The structure of this paper is as follows:
In Section 2, we review the main ideas behind the robust optimization methodology, and place the VaR optimization problem in this context. In Section 3, we discuss the asymmetric deviation framework of Chen, Sim and Sun (2005) , and show the formulation of the Asymmetric-Robust
VaR problem for a factor model of returns. In Section 4, we review the concept of coherent risk measures, and prove that the ARVaR formulation results in a coherent portfolio risk measure. In Notation. We use bold face to denote vectors and matrices. Vectors are in lower case, whereas matrices are in upper case. Tilde (˜) denotes uncertain parameters.
Robust Optimization
Consider the following family of optimization problems:
Here x ∈ R N is the vector of decision variables,z ∈ R M is a vector of uncertain factors, and the set X contains constraints whose parameters are certain. We can assume without loss of generality that the uncertain factorsz satisfy the normalized distributional conditions E(z) = 0 and E(zz ′ ) = I. This can be achieved by a suitable linear transformation. For instance, portfolio returnsr ∈ R N with known means vectorř ∈ R N and invertible covariance matrix Σ ∈ R N ×N can be expressed asr =ř + Σ 1/2z for some uncertain factorsz ∈ R N satisfying the normalized distributional conditions. Hence,z = Σ −1/2 (r −ř).
We will restrict our attention to robust linear constraints in which f (x, z) is bilinear in x and z; namely,
where f j (x), j = 0, . . . , M are linear functions in x. For example, in the context of portfolio VaR optimization, the function in the constraint in formulation (2),r ′ x + γ, can be written in the form (4) in the following way:
where e j ∈ R M is a unit vector with one at the jth position and zeros otherwise.
For any fixed solution x, the constraint f (x,z) ≥ 0 in optimization problem (3) may become infeasible for some realization ofz. The robust optimization approach to addressing this issue is to ensure that the solution x satisfies the constraint for all realizations z within a pre-specified uncertainty set. This is accomplished by replacing the original constraint with its robust counterpart, which is defined as
where U(z) is the uncertainty set that is mapped out from the probability distributions of the uncertain factors,z.
The framework of scenario optimization can be incorporated in the robust counterpart by specifying U(z) as a collection of scenarios ofz. In that case, the robust counterpart is a set of constraints -one for each scenario forz. However, the uncertainty set U(z) can be extended to richer sets, ranging from polytopes to more advanced conic-representable uncertainty sets. Such uncertainty sets can represent compactly an exponential or even an infinite number of scenarios. If the function f (x, z) is bilinear in (x, z), which is the case for the portfolio optimization problem under consideration, convex uncertainty sets often lead to computationally tractable robust counterparts. The interested reader is referred to Nemirovski (1998) and El Ghaoui et al. (1998) for an overview of robust optimization problems.
The size of the uncertainty set is usually related to guarantees on the probability that the constraint involving uncertain coefficients will not be violated. Moreover, since in practice the exact distribution of the uncertain factors is rarely known, it is frequently convenient to specify a shape for the uncertainty set that reflects one's knowledge of the distribution, and that makes problem (5) efficiently solvable. Results on probability bounds related to the size and the shape of uncertainty sets can be found, for example, in Ben-Tal and Nemirovski (2001), Bertsimas and Sim (2004) , Bertsimas et al. (2004) , and Chen, Sim and Sun (2005) .
One of the most widely used kinds of uncertainty sets in robust optimization is the ellipsoidal set,
Forz in uncertainty set (6), the robust counterpart of a constraint of the form
can be derived using convex duality, and is
where f 0 (x) is the expected value and
. . .
is the standard deviation of f (x,z) for any given x.
El Ghaoui et al. (2003) use this result, and specify an ellipsoidal uncertainty set for asset returns of a size determined by a parameter κ = 1−ǫ ǫ that guarantees that the VaR constraint in formulation (2) would be satisfied probabilistically for all possible distributions for uncertain returns, and in particular, for the worst-case distribution with respect to probability measures with fixed first two moments, covariance matrix Σ and vector of portfolio weights x. They show equivalence between the worst-case (1 − ǫ)-VaR problem and the following formulation:
Here x ∈ X includes additional constraints on the portfolio structure, such as the necessary finite budget constraint x ′ e = 1, and a constraint requiring a target expected future portfolio return,
If the uncertain factorsz are assumed to be normally distributed, one can solve a less conservative version of model (7) in which κ = Φ −1 (1 − ǫ) (Φ −1 (·) stands for the inverse cumulative standard normal distribution). We will refer to the latter model as Normal VaR. This is a model that is often used in industry.
Both model (7) and the Normal VaR model rely on first-and second-moment information about the distribution of uncertainties. In the next section, we derive the robust counterpart of the portfolio VaR optimization problem (2) for an uncertainty set that relies on asymmetric measures of variability, and provides a tighter approximation to the actual VaR optimization solution. instead the following uncertainty set, suggested by Chen, Sim and Sun (2005) in the context of stochastic programming applications:
where [−z j ,z j ] is the minimal set that containsz j , (−z j andz j can be infinity),
and Q = diag(q 1 , . . . , q M ). The parameters p j > 0 and q j > 0 are the "forward" and the "backward" deviations of random variablez j , j = 1, . . . , M , respectively (Chen, Sim and Sun 2005) . The uncertainty set G Ω (z) is convex, and its size is controlled by Ω as illustrated in Figure 1 . Intuitively speaking, the uncertain factorsz are decomposed into two random variables:ṽ = max {z, 0} and w = max {−z, 0}, so thatz =ṽ −w. The multipliers 1/p j and 1/q j , j = 1, . . . , M , normalize the perturbation contributed by v j or w j , respectively, so that the norm of the total scaled deviation falls within the uncertainty budget Ω. As illustrated in Chen, Sim and Sun (2005) , if P = Q = I and z j =z j = ∞ for all j = 1, . . . , M , then G Ω (z) = E Ω (z). Hence, the asymmetric uncertainty set We discuss some useful properties of the asymmetric deviation measures, and show how to formulate an approximate VaR optimization problem for a factor model for returns based on uncertainty set (8).
Properties of the Asymmetric Deviation Measures
The forward and the backward deviation measures for a random variablez are defined as p(z) = inf{P(z)} and q(z) = inf{Q(z)}, where (see Chen, Sim and Sun 2005) :
and The exact distribution ofz is unknown in many practical problems. It is therefore important to be able to estimate p(z) and q(z) from data. The following result provides a heuristic for doing so.
Theorem 1 Given a known distribution, or a set of data for the random variablez, the forward and backward deviations p(z) and q(z)) can be determined as follows:
and
Proof : We show the proof related to the forward deviation. The result related to the backward deviation follows trivially. Observe that
The next two theorems are important results that will allow us to formulate the robust parametric portfolio VaR problem.
Theorem 2 The robust counterpart of the constraint f (x,z) ≥ 0 whenz ∈ R M are assumed to vary in the uncertainty set G Ω (z) and their distribution support [−z j ,z j ], j = 1, . . . , M , is finite, is equivalent to the following set of inequalities:
If the distribution support [−z j ,z j ] is infinite, but p j and q j , j = 1, . . . , M , are finite, the first two sets of inequalities in (13) are replaced by
Remark : In the interest of brevity, for the rest of the paper we will assume finite distribution support [−z j ,z j ], j = 1, . . . , M . This is not a very restrictive assumption in practice, because the bounds can be made arbitrarily large. If the distributional support is unbounded (or the bounds are unknown), a modeler can replace the first two sets of inequalities in robust counterpart (13) with the inequalities in (14).
Theorem 3 Supposez are independently distributed, and x is feasible in the robust counterpart (13). Then,
The proofs of Theorem 2 and Theorem 3 are contained in Chen, Sim and Sun (2005) .
The Asymmetry-Robust VaR Optimization Problem Formulation
Suppose future asset returnsr ∈ R N are generated by a factor model
in whichř ∈ R N is a vector of expected returns, and A ∈ R N ×M is a matrix of factor loadings.
The factorsz ∈ R M have zero means and support [−z,z] , and are stochastically independent. We would like to find a vector of asset weights x ∈ R N that satisfies
Based on Theorems 2 and 3, if x is feasible for the set of inequalities (13), then we can guarantee
Hence, a relaxation of the VaR optimization problem can be formulated as follows:
The optimal value γ * computed from (17) (i.e., the ARVaR value) is a conservative approximation to the true portfolio VaR. Specifically, in view of (16), if a minimum confidence level of (1 − ǫ)
for VaR is desired, Ω should be selected to be √ −2 ln ǫ. For example, to compute the optimum 95% VaR for a portfolio, Ω should be set to 2.4477.
We note that (17) is a convex (second order cone) optimization problem. Thus, the proposed approximation of VaR can be solved efficiently both in theory and in practice.
Coherent Risk Measures
The ARVaR formulation is attractive not only because of its computational tractability, but also from a financial theory perspective. As we will show in this section, ARVaR defines a coherent risk measure. This is an important result, because popular alternative approximation methods for VaR optimization do not have that property.
A risk measure ρ(·) is a functional defined on a random variableṽ. In the portfolio optimization context, the random variable is the return of a risky asset. By convention, ρ(ṽ) ≤ 0 implies that the risk associated with an uncertain returnṽ is acceptable. Artzner et al. (1997) present and justify a set of four desirable properties for measures of risk, and call risk measure functionals ρ(·) that satisfy these properties coherent. The four desirable properties are as follows:
(i) Translation invariance: For allṽ ∈ V and a ∈ R, ρ(ṽ + a) = ρ(ṽ) − a.
(ii) Subadditivity: For all random variablesṽ 1 ,ṽ 2 ∈ V, ρ(ṽ 1 +ṽ 2 ) ≤ ρ(ṽ 1 ) + ρ(ṽ 2 ).
(iii) Positive homogeneity: For allṽ ∈ V and λ ≥ 0, ρ(λṽ) = λρ(ṽ).
(iv) Monotonicity: For all random variablesṽ 1 ,ṽ 2 such thatṽ 1 ≥ṽ 2 , ρ(ṽ 1 ) ≤ ρ(ṽ 2 ).
VaR is not a coherent risk measure by these rules, as it violates the axiom of subadditivity.
However, as we will demonstrate in this section, obtaining ARVaR as the optimal solution to formulation (17) guarantees a coherent portfolio risk measure.
Assuming factor model (15), the risky portfolio returnṽ can be expressed as an affine function of the uncertain factorsz, that is,ṽ = v(z) = f (x,z), where f (x,z) was defined in equation (4).
We can thus define the following risk measure:
Observe that
Therefore,
is equivalent to the robust counterpart (13).
Theorem 4 Under factor model (15) and assuming that the factorsz j , j = 1, . . . , M , are independently distributed, the risk measure η Ω (·) is a coherent risk measure defined on the portfolio returns.
Proof : To show translation invariance, we observe that
To show positive homogeneity, we note that for all λ ≥ 0
In order to show compliance with the subadditivity axiom, we consider the random returns on two portfolios, v(z) and w(z):
To show that the axiom of monotonicity is satisfied, we will first show that if the portfolio return is always non-negative, that is, v(z) ≥ 0, then η Ω (v(z)) ≤ 0. Sincez are independently distributed and [−z j ,z j ] is the minimal set that containsz j , the minimal convex set containingz is W(z) = [−z,z]. Given a portfolio return v(z) that satisfies v(z) ≥ 0, we will argue that
Suppose not, i.e., suppose there exists a y ∈ W(z) such that v(y) < 0. Since y is in the convex hull of the space of possible realizations ofz, there exist positive λ k satisfying K k=1 λ k = 1 and realizations z k such that
Under factor model (15), the portfolio return v(z) is an affine function ofz. Therefore,
or equivalently, η Ω (v(z)) ≤ 0. Finally, given two portfolio returns v(z) and w(z), such that
i.e., the monotonicity axiom is satisfied.
Remark : While we proved Theorem 4 by considering the worst-case return over a deterministic uncertainty set, our results can be related also to a large body of literature on the relationship between coherent risk measures and worst-case expected portfolio return over a family of probability distributions. 1 The so-called representation theorem (see, for example, Föllmer and Schied (2002)) states that a risk measure ρ(·) is coherent if and only if there exists a family of probability measures
where E Q (ṽ) denotes the expectation of the random variableṽ under the measure Q (as opposed to the measure ofṽ itself ).
In our context,ṽ is the portfolio return andṽ = f (x,z), where f (x,z) = x ′ř + x ′ Az from (4) and (15). Next, we show how it can be established that η Ω (·) is a coherent risk measure according to the representation theorem.
Let Λ be the sample space of random factors, and P be the set of all possible probability measures defined on the sample space Λ. Based on the definition of η Ω (·) in (18) and the fact that
it suffices to show that
for some family of distributions Q ⊆ P. Observe that sincez j are independently distributed in [−z j ,z j ], the convex hull of Λ is given by W = [−z,z]. Hence, for any z ∈ W that may not be in the sample space Λ, there exists a probability measure Q ∈ P such that E Q (z) = z. For all z ∈ W, let D(z) be a probability measure in P such that
Since G Ω (z) ⊆ W, we can define a family of probability measures
This ensures that, indeed,
Observe that the problem of minimizing η Ω (f (x,z)) over x ∈ X , where
from equation (4), can be stated as
Applying Theorem 2, we obtain formulation (17). In other words, by optimizing (17), we obtain a coherent approximation to portfolio VaR.
Note that the ellipsoidal uncertainty set E Ω (z) does not necessarily satisfy E Ω (z) ⊆ W(z) for all Ω > 0, unless the support [−z,z] is infinite. Hence, risk measures associated with first and second moments such as the Worst-Case VaR (El Ghaoui et al. 2003) or the Normal VaR do not provide coherent approximations for VaR optimization, as they violate the monotonicity axiom for a class of realistic probability distributions for returns.
The Relationship between ARVaR and CVaR
CVaR is an example of a quantile-based risk measure that is also coherent. It measures the expected loss that can happen if the portfolio loss ends up higher than the (1 − ǫ)-quantile of the portfolio loss distribution. Mathematically, the (1 − ǫ)-CVaR measure is defined as (Rockafellar and Uryasev 2000) :
Under the CVaR measure, the portfolio optimization model becomes
Given the connection with the probabilistic constraint in terms of the parameter of reliability,
(1 − ǫ), the (1 − ǫ)-CVaR measure can be viewed as an approximation of the chance constraint. In other words,
Unfortunately, exact evaluation of φ 1−ǫ (ṽ) even for a simple linear functionṽ requires multidimensional integration, which is computationally expensive. The problem of whether an approximation can be done efficiently is still open. However, for discrete distributions, the formulation is substantially simpler (Rockafellar and Uryasev 2000) . Thus, the formulation of the portfolio CVaR problem that has been most useful in practice is the sample CVaR formulation. Given T realizations of returns {r 1 , . . . , r T }, the problem of finding a portfolio allocation that results in the minimum CVaR is a linear optimization problem, in which the constraint φ 1−ǫ (r ′ x + γ) ≤ 0 is replaced by the set of constraints
The number of observations needed to achieve any meaningful confidence of reliability is of the order of 1/ǫ. In practice, the choice of the reliability parameter is often arbitrary, e.g., ǫ = 1% or 5%. Therefore, the computation of CVaR may not scale well with portfolio variability. This observation agrees with empirical findings in Yamai and Yoshiba (2000) that estimation of CVaR can be very unstable for relatively small samples, and is explored further in the computational experiments in Section 6. Incidentally, ARVaR gives an approximation to CVaR:
Theorem 5 (Chen and Sim 2006) Supposez are independently distributed factors, and x is feasible in the set of inequalities (13). Then,
where ǫ = exp(−Ω 2 /2).
The proof can be found in Chen and Sim (2006) and is quite involved, so we omit it here. The connection between ARVaR and CVaR creates new opportunities for efficient CVaR minimization.
Computational Experiments
We test the viability of the proposed parametric approach to VaR optimization using simulated and real market data. The controlled experiments with simulated data are designed to study the ARVaR performance when one has perfect information about the distribution of returns, and can estimate the parameters for all parametric VaR optimization approaches exactly. The market returns data experiments investigate whether ARVaR is useful in real world situations with imperfect information. In both sets of experiments, we compare the performance of the ARVaR formulation to the following alternative approaches for VaR optimization:
(i) Worst-case VaR (WVaR), computed by optimizing (7);
(ii) Normal VaR (NVaR), which tends to be the standard in the financial industry;
(iii) CVaR-based VaR, computed as the realized VaR given portfolio weights resulting from minimization of CVaR for a sample of returns (formulation (21) with constraints (22)). There is evidence that minimization of CVaR leads to minimization of VaR as well (Rockafellar and Uryasev 2002) . In addition, several heuristics for computing VaR in the literature are based on approximating VaR by CVaR (see, for example, Larsen et al. 2002) ;
(iv) Exact sample portfolio VaR (ESVaR), which can be computed by solving the following mixedinteger (MIP) optimization problem:
y ′ e = ⌊ǫT ⌋ y ∈ {0, 1} T for some large constant K and a sample of T vectors of realized asset returns. To see that the optimal γ in the above problem is indeed the optimal (1 − ǫ)-VaR, notice that in the optimal solution, y i = 1 for the highest ⌊ǫT ⌋ realizations of portfolio losses (negative returns), and y i = 0 for the remaining realizations of portfolio losses. For the set of indices i for which
ensure that the optimal γ will take the lowest value that is higher than the lowest (1 − ǫ)T of all losses, which is exactly the definition of sample (1 − ǫ)-VaR. For the remaining indices i (those for which y i = 1), the constraints
are not binding.
As we mentioned earlier, VaR optimization is not a convex problem, and its sample approximation is itself a very intractable problem, so we set a time limit of 1800 seconds to the solver (CPLEX) we used to solve the above problem for a given sample of data. The solution we obtain, albeit not guaranteed to be the optimal, is still useful for comparison purposes.
Controlled Experiments with Simulated Data
We consider a portfolio of N = 24 assets with uncertain returnsr i , i = 1, . . . , N . Each returñ r i is determined by a simple single factor modelr i =ř i +z i , whereř i = 1. The factorsz i are independent and distributed as follows:
with probability
with probability (1 − β i ).
Note that all random stock returnsr i have the same mean and standard deviation. However, depending on the parameters β i , i = 1, . . . , N , the degree of symmetry of each individual return distribution can be different. Higher values for β i (e.g., β i = 0.9) result in large losses and small upside gains. We generate values for β i as follows:
Therefore, the return distributions for stocks with high index numbers in the portfolio are more negatively skewed than those for stocks with low index numbers.
Despite its simplicity, this example is relevant for practical applications. One can imagine, for example, modeling credit defaults or credit ratings migration, where the return on a risky asset is dramatically influenced by the occurrence of a single discrete event.
We use exact (as opposed to estimated) values for the parameters in the ARVaR, WVaR,
and NVaR optimization problems. These parameters include the covariance matrices and average returns for the WVaR and the NVaR approaches, and the bounds on the factor realizations as well as the backward and forward deviations for the ARVaR approach. We use a training set of 1000 simulated returns from the above distributions as an input to the sample-based CVaR and ESVaR approaches. The optimal portfolio allocations resulting from the five approximate VaR optimization approaches for ǫ = 1% are shown in Figure 2 . Since the asset standard deviations and means are the same, WVaR and NVaR do not distinguish between the assets, and allocate the wealth equally among them. ARVaR is able to detect the asymmetry in the distributions, and allocates less in assets with more negatively skewed return distributions (those with high index numbers). The behavior of the sample-based CVaR and ESVaR approaches is erratic. In fact, the optimal weights for the portfolios found with the latter two approaches vary widely from sample to sample. Figure 3 illustrates the variability in the optimal weights obtained from the sample CVaR optimization problem if 1000 different sets of 1000 scenarios each are generated.
In Table 1 , we list the realized in-sample VaR values for the original training set of 1000 observations, as well as the realized out-of-sample VaR values for a test set of 500,000 new realizations of return vectors. We note that the numbers in the computational output for VaR represent the worst portfolio loss per dollar invested that can happen with probability ǫ, and it is therefore desirable to have low values for the VaR (negative VaR values mean that the portfolio loss at the (1 − ǫ)
percentile is a gain, not a loss). To compute the in-sample realized VaR, we used the optimal weights found with the optimization formulations for the five VaR approximation methods, and computed the realized portfolio return for each observation in the training set. We then computed the (1 − ǫ)-percentile of portfolio losses (we assumed that the portfolio started out with 0% in each asset). To compute the out-of-sample realized VaR, we used the same optimal weights, but computed the portfolio returns for the return realizations in the test set, and took the (1 − ǫ)-percentile of portfolio losses for that distribution.
One can observe that while the sample-based approaches (CVaR and ESVaR) perform well in-sample, they lose ground to the distribution-parameter-based approaches (ARVaR, NVaR and WVaR) in the out-of-sample experiments. Interestingly, the relative performance of the samplebased approaches is worse for small than for large values of ǫ. Small values of ǫ leave a limited number of sampled observations in the tail of the distribution, and thus the estimate of the expected losses in the tail is less reliable.
Experiments with Real Market Data
We consider a portfolio of 24 small cap stocks from different industry categories of the S&P 600 index (Table 2) , and use historical returns from April 17, 1998 to June 1, 2006. Small cap stocks behave more erratically than large cap stocks, and tend to have more skewed historical return distributions. In fact, all stocks in our sample have historical return distributions that are quite far from normal, and the factors we extract from the data are also asymmetrically distributed.
There are a total of 2034 observations for each stock. We use the first 80% of these observations as a training set: they represent the sample returns in the CVaR and the ESVaR formulation, and are used to estimate the parameters for all optimization models. For the ARVaR formulation, we assume that returns are given by factor model (15), and that A = Σ 1/2 , where Σ is the covariance matrix of the sample returns in the training set. We then compute uncorrelated factors
, and assume they are also stochastically independent. While independence is not necessary for coherence of the ARVaR risk measure, it is required for the probability bound on the VaR constraint violation (16) used in Section 3.2. However, the computational results suggest that the probability bound is not a concern. The creation of a factor model itself is a challenging task -in practice, portfolio managers could use more sophisticated proprietary factor models for stock returns.
We use the last 20% of the data as a test set, and conduct in-sample and out-of-sample experiments similarly to the way we did in Section 6.1. Since the in-sample and out-of-sample results are consistent for different values of ǫ (we experimented with ǫ = 0.1%, 1%, 5% and 10%), in the interest of space we report them only for the case of ǫ = 1%. Table 3 Figure 4 illustrates the in-sample realized portfolio efficient frontiers for the different optimization formulations. Similarly, Table 4 contains the realized value of the portfolio VaR for the out-of-sample experiments, and Figure 5 shows the out-of-sample realized portfolio efficient frontiers.
It is apparent that ARVaR outperforms both WVaR and NVaR in terms of realized VaR (WVaR and NVaR result in the same optimal portfolio allocation in our experiments because the constraint on a minimum target expected return is binding at the optimal solution, so both the WVaR and the NVaR formulation reduce to minimizing the portfolio standard deviation) . As expected, since CVaR works directly with the data, it performs very well relative to all the other methods (with the exception of ESVaR) in the in-sample experiments. However, the danger of overfitting the data when it comes to sample-based portfolio optimization approaches is evident from the CVaR performance in the out-of-sample experiments -in those experiments, CVaR is dominated by ARVaR.
We mentioned earlier that there is evidence that optimizing VaR may "stretch" the tail of the portfolio loss distribution, resulting in very extreme maximum losses. We compare the maximum out-of-sample realized portfolio losses for the five VaR optimization approaches in Table 5 . ARVaR results in the lowest out-of-sample maximum realized losses.
Finally, we study the cumulative portfolio return if a portfolio manager employs a simple buyand-hold strategy. We assume that he allocates the portfolio assets according to the optimal weights from the five different portfolio formulations using parameters found from the first 80% of the data, and keeps the same weights for the remaining 20% of the time periods. In other words, he invests on October 21, 2004 (the 1629th observation in our data set, and the first observation in the test set), and holds the same portfolio until June 1, 2006 (the last observation in the test set). The portfolio cumulative return graph for a target return of 2.5% is shown in Figure 6 (the graphs for other target percentage returns look very similar). The optimal portfolio allocation based on the ARVaR approach tends to result in very stable returns, whereas, for example, the behavior of the optimal portfolio obtained with the NVaR or the WVaR approaches is very erratic.
Concluding Remarks
We presented a distribution-parameter-based approach to VaR optimization based on robust optimization techniques and the concept of asymmetric variability measures introduced in Chen, Sim and Sun (2005) . We showed that the resulting portfolio risk measure is coherent, and that it approximates another coherent risk measure that has been gaining in popularity in the literature and in industry -the Conditional VaR. We also studied how the Asymmetry-Robust VaR approach performs in controlled and real-data experiments relative to other distribution-parameter-based and sample-based VaR optimization approaches.
Sample-based approaches for VaR optimization take into consideration every observation in the sample. In some cases, however, it may be preferable to use a more general estimate of the variability of a distribution, either because of insufficient data, or in order to avoid overfitting. We believe that in such instances the idea of the analytical, less data-set-specific Asymmetry-Robust
VaR approach holds promise. Our computational experiments support this belief, and suggest that in cases when the underlying distributions are skewed, the ARVaR approach may be preferable also to distribution-parameter-based VaR optimization approaches such as the Normal VaR that use second-moment information. Table 1 : Realized portfolio VaR for the in-sample and out-of-sample simulated experiments. There are 1000 observations in the training set, and 500000 observations in the test set. The parameters for the ARVaR, NVaR, and WVaR optimization problems are obtained using perfect information about the distributions of uncertain returns. The sample-CVaR and ESVaR optimization formulations are solved using the sample observations in the training set. Figure 6: Realized cumulative portfolio return for out-of-sample observations when a simple buyand-hold strategy is employed. The target return used to obtain the portfolio weights is 2.5%, and ǫ = 1%. 
